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Fig. 2 Interpolation of data with noise for optimal ®: ——, F(x); – – –,
Äf (x); and –¢ – , fa(x).

Use of Eq. (20) requiresa prioriknowledgeregardingthe intensityof
the randomnoise in measurements.This is usuallyavailablein engi-
neering applications.The optimal ®, which acts as a Lagrange mul-
tiplier, was determined through the dichotomoussearch technique.7

The regularized curve of Fig. 2 (– – – ) shows that the developed
methodof data analysiscan successfullydiscriminatebetweennoise
and the physical system response.

B. Results from Numerical Approximation
The numerical approximation by basis expansion consisted of

seven (M D 7) Gaussian radial basis functions in which the transfer
function centers were uniformly distributed in the segment [0, 1]
with the center of the two boundary functions located at x D 0
and 1, respectively. The parameters 1k of Eq. (14), describing the
localization properties of the Gaussian function, were all selected
to be equal to 1

6 . Figure 1 illustrates the acceptable matching be-
tween the analytical solution of the regularization problem and the
numerical approximation. Figure 2 shows that the performance of
the basis expansion in modeling with the noisy data of Sec. III.A is
satisfactory. In the interpolation study, ® was determined such that
Eqs. (16) and (17) were satis� ed with Eq. (19) for f D fa .

IV. Summary
A method of combining experimental data and physical models

is presented. Speci� cally, physical models of engineering interest
can be expressed in the form of empirical, differential, and/or inte-
gral equationsof varyingdegreesof � delity. These model equations
can be incorporated in the form of a regularizing functional for a
robustmatchingof experimentaldata.The method can be viewedas
the adjustment of a low-� delity, and computationally inexpensive,
mathematical model response by experimentaldata. The developed
method also can be viewed as an ef� cient procedure for interpo-
lating experimental data by utilizing physically motivated criteria.
Further, it has been shown how the developed method can be used
to successfully extrapolate the physical system response at unmea-
sured coordinatesand � lter noisy experimentalmeasurements.The
radial basis expansionhas been examined as the computational ap-
paratus of the developedmethod. However, the developmentsof the
paper retain a suf� cient level of generality and can be implemented
in conjunction with any of the commonly used methods, including
� nite difference and conventional � nite elements.
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Introduction

T HIS Note describes the applicationof a nonlineardual sorption
theory1;2 for modeling the steady-state emission of pressure-

sensitive paints (PSPs). Calibration comparisons with polynomial
expansionmodels are presentedover a 1-atm pressure range for two
PSP formulations.

Theoretical Background
PSPs are composed of probe molecules—luminophors—doped

into an oxygen permeable binder and dissolved in a thinning agent
that forms a coating when sprayed onto a surface of interest. The
luminescent intensity variation of most PSPs used in aerodynamic
applications is described by the Stern–Volmer relation3¡5

I0=I D 1 C K [O2] (1)

where I0 is the unquenched intensity, I is the quenched intensity, K
is theStern–Volmercoef� cient,and [O2] is theoxygenconcentration
within the coating. The concentration of sorbed oxygen in a liquid
is related to the partial pressure of oxygen by Henry’s law:

[O2] D ¾ .T /PO2 (2a)

where

PO2 D ÂO2 P (2b)

and where ¾ is the solubility coef� cient (modeled as a function of
temperatureonly), P is pressure,T is temperature,and Â is the mole
fraction of the penetrant. When ratioing intensities at two pressure
levels, one designated as a reference (ref), the common form3¡6 of
the intensity–pressure relationshipfor PSPs is derivedfrom Eqs. (1)
and (2a):

.Iref=I / D A C B.P=Pref/ (3)

where the coating sensitivities A and B are functionsof temperature
and reference conditions if all other conditions are held constant,
e.g., illumination intensity.
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For many aerodynamic applications, the � rst-order polynomial
relationshipof Eq. (3) is assumed,providingan adequatecalibration
over a limited pressure range of interest.Often, over expandedpres-
sure ranges (0–1 atm), the intensity response is not well described
by Eq. (3), indicating that the solubility coef� cient is a function of
pressure and temperature,

[O2] D ¾
¡
T; PO2

¢
PO2

(4)

In such cases the intensity–pressurecalibrationis generallyapprox-
imated by a higher-order polynomial expansion3;4;6:

.Iref=I / D A C B.P=Pref/ C C .P=Pref/
2 C ¢ ¢ ¢ (5)

While convenient, polynomial calibrations do not always accu-
rately model the intensity–pressure relationship over large pressure
ranges, leading to poor predictions at extrapolated intensities. Dis-
solving luminophorswithin a polymer � lm creates a heterogeneous
environment on a microscopic scale, especially as the luminophor
concentrationwithin thebinderis increased.The luminescentprobes
can become unevenly dispersed,and molecular aggregationcan oc-
cur, leading to self-quenching of excited probes and multiple ex-
ponential decays (as opposed to single exponential decays for dyes
in a dilute � uid solvent—a homogeneousenvironment).7;8 At lower
levels of penetrant concentration (lower pressures), the longer-rate
decays are less likely to be quenched, providing additional contri-
bution to the overall PSP luminescence. This is an effect similar to
preferentialsorptionand penetrantimmobilization,which is present
in many inhomogeneouspolymer � lms.

To more accurately model the intensity–pressure calibration of
PSPs, an alternativesorptionand quenchingprocessis appliedbased
on dual sorption theory.1;2 This nonlinear model has been used ex-
tensively over the past few decades in a diverse number of phenom-
ena, including gas sorption and diffusion in composite or heteroge-
neous media. The penetrantconcentration,Eq. (6), is composedof a
linear term .l/ representing the limiting case of normal Henry’s law
sorption and a nonlinear term (nl) representing Langmuir’s model
of penetrant immobilization:

[O2] D [O2]l C [O2]nl D ¾l .T /PO2 C ¾nl.T /
b.T /PO2

1 C b.T /PO2

(6)

where b is the af� nity coef� cient (a ratio of absorptionto desorption
of penetrant). As the value of bPO2 is increased in Eq. (6), the immo-
bilized oxygen concentrationreaches a limit of ¾nl, and the sorption
follows Henry’s law plus a constant,

[O2] D ¾l PO2 C ¾nl (7)

In termsof the changeof oxygenconcentrationwith partialpressure,
two limiting regions of sorption exist: a low-pressure state,

lim
PO2 !0

@[O2]
@PO2

D ¾l C ¾nlb (8a)

and a high-pressure state,

lim
PO2 !1

@[O2]

@PO2

D ¾l (8b)

Applying the dual sorptionmodel to Eq. (1) results in a functional
form of the intensity–pressure relationship as follows:

Iref

I
D A C B

P

Pref
C C

D.P=Pref/

1 C D.P=Pref/
(9)

Again, the coating sensitivities (A, B, C , and D) are a function of
temperature and reference conditions.Rewriting Eq. (9) results in a
quadratic that can be used to form an explicit expressionof pressure
as a function of intensity:

®.P=Pref/
2 C ¯.P=Pref/ C ° D 0 (10)

where

® D B D; ¯ D [ACC ¡.Iref=I /]DC B; ° D A¡.Iref=I /

Experimental Results and Discussion
Previous laboratory results were analyzed for two PSP sam-

ples: a tris-(4,7-diphenylphenanthroline)-Ru(II) dichlorideprobe in
a polydimethylsiloxane binder (PSP-A)8 and a Pt(II) tetra(penta-
� uorophenyl) porphyrin probe in a � ne powder silica gel binder
(PSP-B). Both of these probe molecules were chosen for their suit-
able aerodynamic testing characteristics. Each sample was in-
stalled in an environmental chamber, and emission intensities were
measuredusinga cooled, 14-bit charge-coupleddevicecamera.The
pressurewas varied over a range from 0.05–1.0 atm, the latter being
the reference state. Appropriate bandpass � ltering of the excitation
(450 nm) and emission (650 nm) was performed.

Figure 1 is an intensity–pressureplot of the PSP-A raw data along
an isotherm (T D 25±C). Applied to a sample set of the data (the 10
lowerpressuredatapoints,designatedby theclosedsquaresymbols)
were � rst- through third-order polynomials and the dual sorption
(DS) � t. A least-squaresregressiontechniquewas employed in each
case, the latter using the Levenburg–Marquardt iterative algorithm
for nonlinear equations.As shown in Fig. 1, the inverse of intensity
vs pressuredoes not scale linearlyover the measuredpressurerange.
Table 1 lists the coef� cients for the data � ts and quanti� es the rms
error forboth the inclusiveset (closedsquaresymbols) andexclusive
set (open square symbols) of data. The latter gives a quanti� able
indication of the predictive ability of each calibration. Clearly, the
dual sorptionmodel best � ts the data, showing the lowest associated
errors. The second- and third-order polynomials spuriously � t the
inclusive data, providing a useful interpolation tool; however, both
deviatewhen extrapolatingbeyondthedata range.At pressureratios
greater than 1, the quadratic model erroneouslypredicts an increase
in intensitywith pressure(a decreasein Iref=I ), and the third-order� t
exaggeratesthe intensitydecreasewith pressuredue to an in� ection
point at P=Pref D 0:63. Similar results are shown in Fig. 2 for the
PSP-B data.

Because Eq. (9) is nonlinear, an iterative technique was used to
solve calibration coef� cients for a speci� ed tolerance of the corre-
lation coef� cient. At least 8–10 data points were suf� cient for the
calibration coef� cients to converge in relatively few iterations (10–

20) despite adjustments in the initial seed coef� cient values. When
only six data points were employed, however, minor adjustments in

Fig. 1 Intensity vs pressure calibration for PSP-A.

Fig. 2 Intensity vs pressure calibration for PSP-B.
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Table 1 Calibration coef� cients and error measurements for the two PSP formulations

PSP-A PSP-B
1st 2nd 3rd DSa 1st 2nd 3rd DSa

Coef� cient
A 0.21 0.15 0.13 0.13 0.73 0.67 0.62 0.42
B 1.04 1.66 1.93 0.16 0.35 0.79 1.38 0.16
C —— ¡0:97 ¡2:01 1.13 —— ¡0:59 ¡2:51 0.43
D —— —— 1.06 1.71 —— —— 1.73 24.2

rmseb

(inclusive) 0.0332 0.0058 0.0011 0.0004 0.0256 0.0131 0.0059 0.0002
(exclusive) 0.1038 0.0323 0.0110 0.0010 0.0447 0.0754 0.1225 0.0013

aDS D dual sorption. b rmse D root mean square error.

the initial seed values led to differences in the resulting calibration
coef� cients.To ensure a well-balancedcalibrationover a large pres-
sure range (>1 atm), an equal number of measurements in the linear
and nonlinear regions of the curve is suggested.The pressure value
separating these two regions can be determined using Eq. (11):

B
.1 C DPratio/2

C D
D 1 (11)

where Pratio D P=Pref. Using the calibrationcoef� cients listed in Ta-
ble 1, pressure ratios of 1.45 and 0.29 are calculated for PSP-A and
PSP-B, respectively.Thus, additionalmeasurements at higher pres-
sure ratios for PSP-A and lower pressure ratios for PSP-B would
further decrease the uncertainty in the corresponding calibration
coef� cients of those regions.

Conclusions
The applicationof dual sorption theory to the calibrationof PSPs

is presented.The nonlinear model better represents the steady-state
sorptionandquenchingprocesseswithin thePSP coatingsandyields
a superior intensity–pressure calibration when applied over broad
pressure ranges, in extrapolatedregions, or to coatingswith high lu-
minophor loading.The tradeoff is the model’s inherentnonlinearity,
which requires an iterating technique for determining the calibra-
tion coef� cients and leads to complications when decoupling the
temperature sensitivity.9 For high pressures and limited ranges, a
second-orderpolynomial or linear model will suf� ce.
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I. Introduction

T HE electroelastic coupling in piezoelectric materials is used
for active control of smart structures. Two-dimensional solu-

tions have been presented for the thermoelectroelastic response of
hybrid plates and shells, using classical and � rst-order shear defor-
mation theories.1¡3 Few three-dimensional piezothermoelastic so-
lutions are available for hybrid � nite plates and shells.4¡6 These are
needed to assess two-dimensionaltheories.Xu and Noor6 presented
three-dimensionalsolution for a simply supported � nite cylindrical
hybrid shell but did not include the case of potential difference ap-
plied across a piezoelectric layer. We present a three-dimensional
solution for such a case. The governing differential equations with
variable coef� cients are solved by the modi� ed Frobenius method.
The constantsin the general solutionand the extraneouschargeden-
sities at the interfaceswhere potential or potentialdifference is pre-
scribed are determined from the boundary and interfaceconditions.
Results are presented to illustrate the effect of the length parameter.

II. General Solution of Governing Equations
Consider a � nite circular cylindrical hybrid shell of mean radius

R, thickness h, and length a, having L orthotropic layers with their
principaldirectionsalongthe radial,circumferential,andaxialdirec-
tion.The inner and outer radiiare Ri ; Ro D R ¨ h=2. The innermost
layer is named as the � rst layer. The interface between the kth and
the .k C1/th layer is named as the kth interface.Let the thicknessof
the kth layer be t .k/ and its inner radiusbe R.k/

1 . The layer superscript
is omitted unless needed for clarity. The ends of the shell are elec-
trically grounded,maintainedat stress-free temperature,and simply
supported to allow only the displacement normal to the boundary.
Let u; v; w be the displacements;¾r ; ¾µ ; ¾z; ¿µ z; ¿zr ; ¿rµ the stresses;
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